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REMARKS ON A PARAMETER ESTIMATION FOR VON
MISES–FISHER DISTRIBUTIONS
⋆
A´RPA´D BARICZ
Abstract. We point out an error in the proof of the main result of the paper
of Tanabe et al. (2007) concerning a parameter estimation for von Mises–
Fisher distributions, we correct the proof of the main result and we present a
short alternative proof.
Recently, Tanabe et al. (2007) proposed an iterative algorithm using fixed points
to obtain the maximum likelihood estimate for one of the parameters of the p-variate
von Mises–Fisher distribution on the p-dimensional unit hypersphere. In their study
Tanabe et al. (2007) arrived at the equation
(1)
1
r p
2
−1(κˆ)
= R,
where r p
2
−1(κˆ) = I p
2
−1(κˆ)/I p
2
(κˆ), Iν is the modified Bessel function of the first
kind of order ν, and R = ||x1 + x2 + · · · + xn||/n is the mean length of the data
vector (x1, x2, . . . , xn). In order to solve (1) Tanabe et al. (2007) used a fixed point
iteration method and for this first derived the following main result: if ν ≥ 1, then
the function Φ2ν : (0,∞)→ R, defined by Φ2ν(x) = Rxrν−1(x), has a unique fixed
point.
The purpose of this note is threefold: to point out an error in the proof of above
main result of Tanabe et al. (2007), to provide a correct proof and to show that
the above mentioned result is almost immediate by using some known results on
the ratio 1/rν−1.
In what follows we list our comments concerning the above mentioned result:
1. Let
Sν(x) = I
2
ν
(x)− Iν−1(x)Iν+1(x)
be the Tura´nian of the modified Bessel function of the first kind. In the
proof of the above mentioned result Tanabe et al. (2007) considered the
Tura´n type inequalities
(2) 0 < Sν(x) <
1
ν + x
· I2
ν
(x)
and attributed these inequalities to Nasell (1974), and Thiruvenkatachar
and Nanjundiah (1951). We would like to point out that there is no Tura´n
type inequality proved by Nasell (1974) and the right-hand side of (2)
cannot be found in the paper of Thiruvenkatachar and Nanjundiah (1951).
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In their paper there is a Tura´n type inequality of this kind, but with ν + 1
instead of ν + x. Incidentally the right-hand side of (2) can be found in
the paper of Joshi and Bissu (1991), but it was pointed out very recently
by Baricz (2012) that this inequality is not valid. This means that the
right-hand side of the inequality
−
1
x
rν(x) < r
′
ν
(x) <
1
ν + x+ 1
−
1
x
rν(x)
is not valid, i.e. the Lemma in Tanabe et al. (2007) is not true and hence
the proof of the main Theorem is not correct.
2. The proof of the main Theorem of Tanabe et al. (2007) was based on the
Banach fixed point theorem, and therefore they wanted to prove that the
function Φ2ν is a contraction mapping. For this it was enough to prove that
0 < Φ′2ν(x) < 1 for each x > 0 and ν ≥ 1. However, since the right-hand
side of (2) is not true, the proof of the inequality Φ′2ν(x) < 1 presented in
Tanabe et al. (2007) is not correct. All the same, this result is true. For
this observe that
(3) Φ′2ν(x) = R
[
rν−1(x) + xr
′
ν−1(x)
]
= R
[
xSν(x)
I2
ν
(x)
]
.
Since R ∈ (0, 1) to prove Φ′2ν(x) < 1 it would enough to show the Tura´n
type inequality
(4) Sν(x) <
1
x
· I2
ν
(x).
But, this inequality is valid for ν ≥ 1
2
and x > 0, as it was shown re-
cently by Baricz (2012), and is equivalent to the fact that the function
x 7→ xI ′
ν
(x)/Iν (x)− x is strictly decreasing on (0,∞) for ν ≥
1
2
, which was
proved by Gronwall (1932). It is important to note here that Hamsici and
Martinez (2007) used also the right-hand side of (2) in modeling the data of
two spherical-homoscedastic von Mises-Fisher distribution. The correction
of their result based on the right-hand side of (2) was made also by using
(4), see Baricz (2012) for more details. We also note that for ν ≥ 1
2
and
x > 0 the Tura´n type inequality (4) can be improved as (see Baricz (2012))
Sν(x) <
1√
x2 + ν2 − 1
4
· I2
ν
(x),
but the contraction constant 1 in the inequality Φ′2ν(x) < 1 cannot be
improved. For this consider the Tura´n type inequality (see Segura (2011))
1
ν + 1
2
+
√
x2 +
(
ν + 1
2
)2 · I2ν (x) < Sν(x),
which is valid for all ν ≥ 0 and x > 0. Combining this inequality with (3)
and (4) it is easy to see that for ν ≥ 1
2
the expression xSν(x)/I
2
ν
(x) tends
to 1 as x tends to infinity. This shows that indeed the constant 1 in the
inequality Φ′2ν(x) < 1 cannot be improved. Now, recall that Φ
′
2ν(x) > 0
for all ν > 0 and x > 0, and combining this with the above inequality,
we obtain that if ν ≥ 1
2
, then the function Φ2ν is a contraction mapping
and therefore has a unique fixed point. This corrects the proof of the main
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Theorem of Tanabe et al. (2007) and improves the range of validity of the
parameter ν = p
2
.
3. Finally, we present a short proof for the following result, which improves the
range of validity of the main result of Tanabe et al. (2007): if ν > 0, then
the function Φ2ν has a unique fixed point. Observe that this statement
is equivalent to the fact that the equation 1/rν−1(x) = R has a unique
solution on (0,∞) for ν > 0. It is known that (see Yuan and Kalbfleisch
(2000)) the function x 7→ 1/rν−1(x) = Iν(x)/Iν−1(x) is increasing on (0,∞)
for ν ≥ 1
2
, while for ν ∈
(
0, 1
2
)
is increasing first to reach a maximum and
then decreasing. Moreover, 1/rν−1(x) → 1 as x → ∞ for each ν > 0, and
the graph of x 7→ 1/rν−1(x) approaches the asymptote from above when
ν ∈
(
0, 1
2
)
, and from below when ν ≥ 1
2
. Now, since R < 1, the above results
imply that the graph of x 7→ 1/rν−1(x) intersects only once the horizontal
line y = R for each ν > 0, and indeed the equation 1/rν−1(x) = R has a
unique solution on (0,∞) for ν > 0.
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